Introduction
The description and quantification of colour, and the even more complicated matter of colour perception, have interested philosophers and scientists for over 2500 years, since at least the times of the ancient Greeks 1 . Colour is a fundamental part of the sense of sight and has a fascinating effect on how people perceive the world -the poet Julian Grenfell even went so far as to say that "Life is Colour" 2 .
Although the profession of optometry is generally familiar with the defects and deficiencies of colour vision and the tests available to detect such problems, many of the greatest advancements in the understanding, quantification, and reproduction of colour have come from developments elsewhere, in fields such as physics, engineering and psychology. Much of the impetus for these developments came from the printing, textiles, and computer graphics industries because as these industries became more sophisticated, more universal, and more commercial, models and systems needed to be evolved to allow an increasingly more precise and comprehensive description of colour and colour perception.
Some of the earliest attempts at representing colour seem to have been inspired by the change of night to day and involve a linear (one-dimensional) colour scale ranging from black to white with all possible colours in between 3 . An example is Athanasius Kircher's 1646 five-member colour scale, which illustrated a change from black, through blue, red, and yellow, to white. (This model was adapted from the similar 1613 model of Francois d'Aguilons 3 .) Later, radiometry showed that different wavelengths of light could produce different perceptions of colour and thus established an association of certain colours with specific wavelengths. It quickly became apparent, however, that the experience of colour perception could not be quantified fully by using the specification of wavelength alone 1, 4 . Thus the subjective nature of colour perception gradually became acknowledged and accepted, and more advanced colour models such as Newton's circle evolved that, for apparently the first time, began regarding colour as a two-dimensional (2-D) quantity 1, 3 .
The idea of colour being a multivariate quality was taken further when Mariotte suggested in 1717 that three primary colours could produce any desired colour when used in the proper combination 1 , and the first known system that regarded colour as a threedimensional (3-D) element was the 1758 double-triangle-pyramid proposed by Tobias Mayer 3 . Although many subsequent 3-D theories became popular in the 18th and 19th centuries, most were neither accurate nor realistic (however, some such as Maxwell's triangle, which will be elaborated on later, formed the foundation of our current understanding of colour) and before further improvements to the modeling and representation of colour could be made, a better understanding of the perceptive processes involved needed to be realised.
Two of the currently best-known and fundamental colour theories that emerged, propose different ways that colour perception could result from three components or processes. More detail on these theories can be found in references 1, and 5 to 11; only a brief overview of each is included here.
The first theory is known as the trichromatic theory. Young, Helmholtz, and Maxwell contributed significantly to formalizing this theory, which proposes the existence of three sets of sensory mechanisms (cone cells) whose unique and independent sensitivity provide a basis for colour discrimination 5, 6 . Trichromatic theory incorporated the idea of colour-mixing (when two or more colours coincide spatially and temporally so as to be seen as a single colour) and proposed that, similar to the idea of the Maxwell colour-triangle (a triangle whose three corners represent the three primary colours being mixed (commonly, spectrally pure red, green, and blue) and whose sides enclose the range, or gamut, of all possible combinations of those three primaries), all colours can be formed by the mixing of three primary colours 7 . This theory, therefore, formalized Mariotte's 1717 suggestion.
The sensitivities of the three types of receptor cells were quite specifically determined through separate colour-matching experiments early in the 20th century by Wright and Guild 1, 12 . Although some of the assumptions made during those experiments have been questioned, the spectral sensitivity functions that were determined (for an average eye) from those empirical data have remained an accepted and standard part of colourimetry 9, 10 . Linear transformations of the three functions (involving short-, medium-, and long-wavelengths respectively) are known as colour matching functions and have formed the basis of some of the most popular colour systems to date.
The second theory, namely Hering's opponentpairs theory, proposes that colour perception results from three complex and antagonistic processes each involving a pair of opposing colour sensations. The three pairs are defined as black-white, red-green, and yellow-blue. A specific colour is thought to be perceived only when its stimulation of the visual system is greater than that of its paired colour (otherwise, when the two colours are equally balanced an achromatic grey is perceived) 1, 5 . This theory also incorporates the three colour-matching functions mentioned above, by defining one function as the luminance (brightness) of the perceived colour (thus relating to the black-white process), and the other two functions as representing the chromatic content of the colour 3 .
Each theory has, however, subsequently been found inadequate to fully describe human colour perception on its own. Even from the time of Maxwell's work it could be shown that not all real colours could be produced from a combination of three real primaries as the trichromatic theory suggests 5, 7 . And, although Hurvich and Jameson 13 gave the opponent-pairs theory some mathematical rationalization, it is founded upon largely subjective processes and is difficult to experiment on objectively. Thus, more recently it has been suggested that each theory could be valid and applicable to a separate part in the complex overall process of colour perception 5, 11 .
Despite that the exact neural mechanisms and processes involved are still not yet fully understood, the most popular systems of colourimetry use three variables to specify colour. But, subsequent to the abovementioned theories, a more accurate requirement of a S Afr Optom 2012 71(3) 133-143 GD Hastings and A Rubin-Colour spaces -a review of historic and modern colour models colour space was realised and better models could be evolved such as those that will be discussed below.
Colour Spaces

A Colour Space, Defined
A colour space serves as a means of uniquely specifying, creating, and visualizing colours 4, 14 . Because the process of colour perception is a subjective and inherently variable process, colour spaces aim to describe and standardize colours either between different people, or for machines, or for both 4 . Colour spaces have been divided into two broad groups, namely psychological spaces and geometric spaces. While the former are constructed based on experimental data from subjects (with normal colour vision) and arrange colours according to how they are perceived (with the distance between colours in the space attempting to approximate their observed difference), the latter is a mathematical layout of colours, arranged according to a measured property, defined within a specified range 3, 4, 15 . Some early colour spaces, such as the Munsell colour space, were purely collections of colours chosen and arranged according to how they were perceived. However, most of the colour spaces discussed in this article began mathematically and were especially modeled to agree more closely with human colour perception 1, 3, 4 . The more closely the distance or separation between colours in a colour space agrees with the human perception of the magnitude of the perceived difference between them, the more that colour space is said to be visually uniform 3, 5, 8 . The three parameters or co-ordinates, which describe the position of a colour within a 3-D space usually do not describe the appearance of the colour, and only have meaning within the context of the specific colour space being used. (This is because of the many other factors, such as ambient lighting, texture of the surface, and surrounding colours, which influence the appearance of a colour.) Similarly, a colour space and all of its colours are only expressible in the units (or scale steps) that make up the space 3, 4 . Although some colour-appearance-spaces have been developed (such as the CIECAM97s and the CIECAM02 models 16 ) that could describe the appearance of a colour, they take into account such a large number of factors and variables (for instance, colourmetric values of: the image, the illuminant, a reference white, and areas of the surrounding field), and are so cumbersome to use, that they have not yet achieved popularity in any industry 4 and will not be included in this article.
Any colour point within a colour space can, therefore, be specified either by its co-ordinates (specific to that colour space) or by a vector that similarly illustrates the position of the colour point relative to a reference point within the space (such as either the origin of the space or another reference colour within the space) 14, 17 . Mathematical operations such as addition and subtraction are defined within colour spaces but because some of the colour spaces discussed below are not true vector or mathematical spaces, interesting complications can occur near or across the boundaries or limits of the spaces concerned. These issues have important implications regarding statistical and other mathematical analyses that sometimes involve such boundary colours or situations.
Some of the historically and currently most popular, influential, and useful colour spaces will be discussed in the following sections.
CIE Colour Spaces
Presently, the most popular system of colour representation is the Commission International d'Eclairage (CIE) (or, in English, the International Commission on Illumination) system, first published in 1931, which has become the international platform to standardize and reproduce colours across many different professions and industries and is considered to be the basis of most modern colourimetry 1, 4, 5, 7 . The CIE model is designed around an altered Maxwell triangle that illustrates the proportions of each primary colour rather than the actual amount used, which is converted into rectangular co-ordinates (because the three proportions always sum to one (unitary), only two co-ordinates need be specified and the third can be calculated). In this representation of tristimulus vectors only information regarding the intensity of the colour is lost, while all of the information about the proportional make-up or composition is retained. Such a plot or plane of normalized colours is called a chromaticity diagram, and the co-ordinates of the normalized vectors are called chromaticity co-ordinates 1, 5, 7, 18 .
A curved line of spectral (fully saturated) colours enclosing the gamut of all real colours (by the addition of a non-spectral line of purples) is superimposed onto this triangle resulting in a horse-shoe-shaped diagram with white at the approximate centre, and non-spectral colours filling the space, each increasing in saturation away from white towards the line of spectral colours at the diagram's boundary. It was found, however, that many colours that could be mixed from the red, green, and blue primaries fell outside that gamut (examples of the shortcoming of the trichomatic theory mentioned above) and that a primary needed to be added to the sample colour in order to match it with the combination of the other two (it was therefore considered a negative quantity in the proportion-mix 1, 5, 7, 18 ). To avoid these negative specifications the underlying triangle was enlarged to include the full curve of all real mixed colours. Although this resulted in all proportions of the primaries being positive it meant that, now, the three primaries being mixed fell outside the gamut of real (possible) colours and became purely theoretical primaries. They became known as X, Y, and Z when referring to the actual amount of each primary, and x, y, and z when referring to their relative proportions of a colour make-up (and as mentioned, x + y + z = 1).
X, Y, and Z for a sample colour are calculated by multiplying the spectrophotometric properties (wavelength) of the sample with the colour matching functions mentioned above. Because many selections could be made for these three theoretical primaries the CIE chose the properties of the Y primary (the colour matching function of Y) to correspond with the standard luminosity curve of the eye, and therefore to represent the brightness, or luminance, of the colour being described 1, 4, 5, 7, 18 . By specifying two colour proportions (x and y) as well as the quantity Y the CIE system enables a user to accurately reproduce a colour (provided illumination is the same).
Despite the usefulness and popularity of the CIE 1931 model, it has flaws such as: that the colours are not uniformly represented on the diagram, and that an especially large proportion of the diagram is allocated to the various green colours 5, 8 . The first major improvement on the 1931 model was the 1960 CIE Luv diagram, which attempted an approximately uniform colour space. This space is a linear transformation of the 1931 CIE diagram where colours are similarly represented by specifying the luminance, L (which is unchanged from Y in the 1931 diagram), and two normalized proportions, u and v, but the distance between colour points on the diagram approximates the perceived difference between those colours more closely 4, 6, 10, 17 . However, the CIE Luv diagram is considered to compress all yellow, brown, orange, and red colours into a disproportionately small area, which are particularly important colours to the textile and printing industries 4, 10, 17 .
The 1960 model was further developed via a non-linear transformation into the 1976 CIE Lu'v' system, which shows a further improvement in the correlation of Euclidian distances (the direct and measurable distance between two points, given in Cartesian space by the Pythagorean-triangle formula) between colours on the diagram and the perceived colour differences by an observer. The areas of the 1976 CIE Lu'v' diagram allocated to each colour group are also considered much more balanced (as illustrated in Figure 2 ). However, this technically more sophisticated model has not replaced its inferior predecessor, as most industries still make use of the 1931 system 4, 6, 10, 19, 20 . (The abovementioned models illustrate that chromaticity diagrams can be constructed in many ways -depending on the choice of primaries 21 .) Despite being based on three-dimensional theories, all of the above models are, in fact, still merely twodimensional representations of colour (the third variable can be calculated, but is never visualized in the model). Ironically, this is the reason for the popularity of chromaticity diagrams -it is much easier to draw and visualize in 2-D than in 3-D.
Also in 1976, the CIE attempted a truly 3-D representation of colour, the CIE Lab colour space. CIE Lab is derived by another non-linear transformation directly from the 1931 model, and organizes colours around a set of three perpendicular axes: a vertical 'L' axis that relates to the luminance of the colour and ranges from white to black, and two horizontal axes 'a' and 'b' which range from red to green and from yellow to blue respectively. By definition, red and yellow are on the positive side of their respective axes, while green and blue are on the negative sides. Black is positioned at the origin (zero-point) of the vertical axis, while pure white is considered at its positive limit (one hundred). When plotted on these axes, the human colour gamut forms an irregular cone-shaped solid with its apex at the origin. Figure  3 illustrates the effect of lighting on the perception of colour as the visible gamut tapers dramatically at low luminance levels, and also reduces in size at very high luminance levels. 4, 19, 22, 23 . The CIE Lab system is considered to be one of the most accurate in its organization of colours, resulting in numeric distances between colours agreeing even more accurately with the observed difference between those colours than for that of any of the preceding models 6, 22, 23 . The CIE Lab model is, however, difficult to reproduce and visualize properly in conventional media and many different perspective-views need to be given.
RGB Colour Space
Another colour space that has hitherto been difficult to visualize is that which exists for colour television screens and computer monitors. Although modern technology is changing rapidly, these products usually involve the proportional mixing of three monochromatic spectra of light to create a colour (according to the principles of trichromacy mentioned above). The space gets its name from the three spectra that are mixed, namely Red, Green, and Blue (and because it is formed directly from colour-mixing, it is known as an additive colour space) 4, 24, 25 . Most cathode ray tube (CRT) monitors and plasma screens are manufactured using the same set of three phosphors (a version of phosphorus P22) to create the three respective spectra and therefore all create a very similar triangular gamut of colours when visualized on a chromaticity diagram, such as the 1931 CIE model 26 .
Although this gamut falls well within the limits of the full range of visible colours (our perceptual space) (especially in the green part of the spectrum), as can be seen in Figure 4 , it is thoroughly sufficient to display images realistically 14, 19, 27, 28 . As an alternative to the abovementioned visualization (on a chromaticity diagram), RGB space can also be pictured as a unit-cube rectangular Cartesian space of three perpendicular axes (shown in Figure 5 ). Each axis represents the excitation of one of the (Red, Green, or Blue) phosphors of the monitor (measured from the voltage supplied to the video gun of each phosphor) and thus also the contribution of that primary to a colour point within the space 24, 25, 29, 30 . Conventionally the three axes are normalized to range from 0 (no contribution) at the origin to 1 (fully saturated) at their respective maximums, and any colour within the space can therefore be specified by those three values, usually expressed as three entries of a vector (r, g, b) . The diagonal line running from (0, 0, 0) to (1, 1, 1) is the achromatic axis or line of greys 4, 14, 29, 30 . Although RGB space is the foundation of so much common visual technology, it is not a model that is commonly used by other industries to specify colours. This is because RGB space is not very visually uniform and is considered unintuitive to use (it is difficult for an observer to select a specific colour using a RGB vector without software or a transform-interface to assist them 4, 14 ). 
Derivatives of RGB Space
There are many derivatives and deformations of RGB space (in addition to the many subtle variations that exist due to device-dependence), which have become popular and have been recognized as independent colour spaces. For example, HSV (Hue, Saturation and Value) colour space 30 was defined by Smith in 1978 as a more artistically intuitive and potentially more user-friendly version of the RGB colour cube. The space is visualized as a projection view of the RGB cube along the achromatic diagonal axis in the direction from white to black. As can be seen in Figure 6 , this results in a projected (2-D) hexagon with grey at the centre and the six corners in clockwise order being fully-saturated blue, cyan, green, yellow, red, and magenta respectively. Hue, Saturation, and Value have purposefully been defined in terms that
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are not specific to colourimetry so that they are easily understood by lay-users, and collectively attempt to explain the common artistic concepts of hue, tint, shade, and tone 30 : Hue refers to the basic colour and is defined as the angle around the colour hexagon from a reference to the specific colour. Saturation is considered as the departure of the colour from white and is defined as the length of the vector (on the hexagonal projection) from the central grey point to the specific colour. Finally, Value is referred to as the departure of the colour from black (the zero-energy colour) and is effectively the position where the hexagonal plane projection intersects the grey axis 30 . Variations of HSV colour space have been the foundation of many popular computer graphics programs, such as Paint Shop Pro and Photoshop, because they allow a user to specify a desired colour much easier than any of the CIE spaces or the RGB colour cube 4, 31-33 . However, because HSV space is essentially a transformation of the RGB colour cube it shares all of its shortcomings, such as device-dependence and visual non-uniformity 4, 31-33 . Some of the many variations of HSV space are commonly referred to as HSI (Hue, Saturation and Intensity) and HCI (Hue, Chroma and Intensity). Although HSL (Hue, Saturation and Lightness) is often used interchangeably with HSV in many texts, it was originally used by Smith 30 to describe another (distinct) colour space. Hue and Saturation are defined as for HSV, but Lightness quantifies the energy in a colour rather than its non-blackness. Smith defines and visualizes the HSL colour space quite differently from HSV: HSL is limited to the triangular plane of colours within the RGB colour cube where R+G+B=1. The HSL space is as close as one can come to an isoluminant plane in a RGB colour system, and since it is a more generalized version of the HSV space it has been used commonly in colour television signal programming 30, 33 .
Many companies, such as Kodak, Xerox, and Adobe have developed other colour spaces for specific applications, which are linear transformations and quantizations of RGB colour space 4, 30-32 and do not need to be specifically elaborated on here. The European PAL television standard (YUV colour space) and the American NTSC (National Television Standards Committee) system (YIQ colour space) are also transformations of RGB colour space 4, 6, 30-32 and therefore will similarly not be included in further detail here.
RGB space and its above derivatives are known as additive colour spaces in that they are designed for light-emitting sources (and that the colour perceived by the eye is a compound mixture of its primary colours). Another interesting group of colour spaces derived from RGB space are those designed for reflective colour sources and known as subtractive colour spaces. These colour spaces were originally called CMY spaces because of their Cyan, Magenta, and Yellow primaries, but more recent versions adopted the acronym CMYK due to the addition of a black component to the systems 32-34 . Although, like RGB, a multitude of device-specific CMYK spaces exist, they can be broadly divided into two main groups: The first group is known as one minus RGB, and their primaries are calculated as C = 1 -R; M = 1 -G; Y = 1 -B. Although being mathematically trivial in their transformation from RGB, they are seldom used due to their poor specification of colours 32-34 . Many improved transformations have been developed for specific applications in industries, such as printing, textiles, and colour photography, which use complex mathematics and look-up tables (LUT) to compensate for any overlap in the absorptive quality of the pigments or dyes used in the respective fields 32-34 .
Cohen's Fundamental Colour Space
Stemming from the study of metamers (colours that are perceived as identical despite having different spectral compositions; thus, visual-equivalence class-es of colours 1, 5, 7, 21 ) initiated by Wyszecki, Cohen [35] [36] [37] developed an alternative theory to the perception of colour. Briefly stated, this theory considers that the spectral representation of any colour can be divided into two vector parts: the first, called the fundamental, is the part of the colour of which the visual system is aware and is able to process, and the second, known as the residual is the part that the visual system either suppresses or is unable to process. Thus two metamers possess the same fundamental part (and are consequently perceived as identical) while their residual parts are different and account for the difference in their spectral compositions. Cohen represented spectral curves as column matrices (vectors), and developed an operator, that he termed matrix R, to perform the separation of the spectral vector (by matrix multiplication) into the fundamental and residual (vector) parts [35] [36] [37] . The dimension of these vectors depends on the size of the intervals, or passbands, used to gauge (divide-up) the spectrum. Cohen chose to use monochromatic stimuli spaced 15 nm apart and consequently used vectors of dimension between 14 and 21, but this was merely an arbitrary and convenient choice. (Generally, the number of passbands can vary from a relatively low number, like Cohen used, to sometimes as many as 300, depending on how thoroughly one wishes to sample the (infinitely-dimensional) spectrum [35] [36] [37] .)
The 3-D colour space that Cohen constructed (shown in Figure 7 ) is formed by plotting the fundamental vectors of monochromatic stimuli across the visible spectrum on a 3-D Cartesian plane. All monochromatic stimuli lie on the edge of one of the "wings" of the space and all heterochromic stimuli lie within the configuration's bounds 35-37 . Cohen's space is an effective method of including data from the spectral distribution curves of colours into a colour space and has made it possible to associate a unique spectrum (the fundamental) with a colour (this was not possible before his work), but its use is currently limited to only a few researchers in colour science.
The Perspective of Koenderink
More recently, Koenderink has published a book 21 that adds a more formal mathematic and geometric perspective to colour and colourimetry. He considers many viewpoints on colour and begins by defining an infinitely-dimensional space, the space of all beams of electromagnetic radiation between approximately 350 and 800 nm, of which the space of colours is a 3-D subspace.
Each point in the space of beams can be mapped, using the colour matching equations (in matrix form) mentioned above, to a point in the 3-D colour space. In this way a black point is defined in colour space and all metamers of a specific colour are mapped onto the same specific point in the space 21 . In this definition, Cohen's fundamental space is also a 3-D subspace of the space of beams and the residual (black) space an infinity-minus-three-dimensional subspace that completely describes the colour-discrimination ability of a theoretical (standard) observer 21 .
The 3-D colour space can be visualized as a solid cone with its apex at the black beam. While monochromatic beams form most of the outer surface of the cone, a sector of non-spectral purples is, again, needed to close the edge of the cone, and all other (non-spectral) colours (formed by linear additions of colours on the surface of the cone) fill the inside of the cone 21 .
To formally qualify as a complete linear space, the space of colours needs to fulfill a few standard requirements: addition of elements (beams), scalar multiplication of elements, and the existence of a null element (the black, or empty, beam) are all readily satisfied, however, the additive inverse of any beam also needs to exist 21, 38 . In other words, for any colour (beam) there needs to exist another colour that can be added to it to form a resultant black beam. This is clearly a challenge in the traditional view of colour mixing because it is never expected that when mixing two coloured lights, for instance, that one will extinguish the other and produce a black result. To overcome this problem Koenderink proposes considering ordered pairs of colours (and the difference between the pair of colors) -rather than individual colours -as the basic elements of colour space and colourimetry 21 . This is not actually an unfamiliar idea: evaluating the difference between colours is a task not unlike that used to determine the colour matching functions and is analogous to the ideas of having negative contributions to a colour mixture and having virtual primary colours (both mentioned above). Although this thinking often involves the use of virtual beams, it allows colour space to be considered as a true linear vector space and agrees, in fact, with the importance of colours in optometric colour testing (simply, whether or not a difference can be distinguished between two colours).
Conclusion
Usefulness of Colour Spaces in Optometry
Optometry's involvement in colour science has traditionally concerned the detection and, sometimes, the quantification of colour vision defects. Although several effective tests for colour vision defects (such as some pseudoisochromatic plate tests) were created before advanced colourmetric measurements were available 5 , the development of colour spaces and more accurate colourimetry has allowed great advances in colour vision testing to be made, such as the computerization of colour vision assessment 8, 10, 24, [39] [40] [41] [42] .
Colour spaces have enabled the bounds of human colour discrimination to be determined and visualized (through MacAdam ellipses 5, [42] [43] [44] , illustrated in Figure 8 ), and have allowed the type and degree of a colour vision defect or deficiency to be more accurately quantified (with directional dichromat-confusion-lines, for instance 5, [42] [43] [44] ). By using colour spaces, the difference (or similarity) between colours can now, not only be illustrated, but can also be measured and better understood. The notion of a just noticeable (colour) difference (JND), for instance, has been refined through the development of colour spaces (all attempts at uniform colour spaces imply a JND, or a multiple thereof, as the metric (unit) used to arrange colours) and is critical to quality-control processes in the many abovementioned industries that make use of colour 45, 46 . The circle (in the image on the left) and the ellipse (in the image on the right) contain all of the colour-points that cannot be distinguished from the point in the centre, by two subjects, A and B, respectively. Subject A is able to discriminate changes in colour quite evenly in both the X and Y directions (hence a circular MacAdam "ellipse"), while subject B has poorer discrimination ability in the X direction than the Y direction (hence the elongation of the ellipse in the X direction). When such ellipses are plotted on a chromaticity diagram (and not on the simplified Cartesian plane used here) the orientation of their elongation has been identified to correspond with specific colour deficiencies. Furthermore, when these ellipses elongate across the entire chromaticity diagram, they form the sets of (directional) dichromatconfusion-lines mentioned in the text.
From every discovery and advancement that is made in the development of colour spaces and in colour science generally, optometry benefits enormously. If the profession hopes to reap these benefits fully and possibly to contribute towards their further improvement, the deeper and more current our knowledge and understanding of these concepts concerning colour spaces will need to become.
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